Let A g denote the stack, and A g = [A g ] the coarse moduli space, of principally polarized abelian g-folds and A P g , A P g = [A P g ] their perfect cone compactifications; these are particular toroidal compactifications.
The proof
We recall the RST criterion for the geometric quotient [X ] of a smooth DeligneMumford stack X over a field of characteristic zero to have canonical or terminal singularities. We phrase it in terms of the action of a finite group G acting on a smooth variety Y . First, let {x} denote the fractional part of a real number x. Then, for any s ∈ G − {1}, define λ Y,P (s) = arg(ζ)/2π, where the sum is over the eigenvalues ζ of s on the tangent space T Y,P .
(RST) G acts freely in codimension one in a neighbourhood of P and [Y /G] has canonical (resp., terminal) singularities at the image of P if and only if λ Y,P (s) ≥ 1 (resp., λ Y,P (s) > 1) for every s ∈ G − {1} and every choice of ζ. PROOF: The problem reduces to this. Suppose that h, r ≥ 0, g = h + r, C is a principally polarized abelian h-fold,
and T is the torus with X * (T) = B(Λ), the group of symmetric Zvalued bilinear forms on Λ. There is a torus embedding T ֒→ X with terminal singularities and a T-bundle T → V such that locally A P g = X /G for a finite group G = Stab X (P ), where X = T × T X → V is a G-equivariant X-bundle and P ∈ X . This is compatible with a Z-linear action of G on Λ and an action of G on C, so that T ֒→ X is G-equivariant and G acts linearly on V . In terms of co-ordinates, choose a Z-basis (x 1 , . . . , x r ) of Λ and write PROOF: The only elements of GL(W ) × GL(Λ) that act trivially on V are ±1.
The next proposition slightly extends one of Tai's. We omit the proof, but it follows his almost exactly: reduce to the case where the order of s divides 12 and then check a finite list. We executed this check by writing a routine in Mathematica.
Proposition 1.3 Assume that g ≥ 5, that h ≥ 1 and that s ∈ G − {1}.
(
In particular, taking g = h shows that the singularities of the interior A g are terminal if g ≥ 6 and canonical if g = 5.
For the proof of the theorem, choose a T⋊G-equivariant resolution X → X, and put X = T × T X. If s acts trivially on some divisor E in X , then E is in the boundary ∂ X = X − T . Each boundary divisor dominates V , since X → V is a fibre bundle, and then s acts trivially on V . This is false, so that G acts freely in codimension one on X .
For some q ≥ 1 there is a G-invariant generator σ of the sheaf O(qK X ). Then σ is also a generator of O(qK [X /G] ). Since X is smooth, σ vanishes along all exceptional divisors in X , so that σ also vanishes along all exceptional divisors in [ X /G]. So it is enough to deal with the singularities of [ X /G].
Suppose that h ≥ 1 and g ≥ 6. Assume that λ X ,P (s) ≤ 1. Note that λ X ,P (s) ≥ λ V (s) + λ X /V,P (s), from the definition of λ, and that P lies in ∂ X , since λ Ag ,Q > 1 for all points Q of A g . If λ X /V,P (s) = 0 then s acts trivially on the relative tangent space T X /V,P , so that a suitable point Q ∈ T that is near P would give Q ∈ A g with λ Ag,Q (s) = λ V,P (s) ≤ 1. So λ X /V,P (s) > 0, λ V (s) < 1, and then s is of order 2, λ V (s) = 1/2, h = 1 and r ≥ 5. Moreover, λ X /V,P (s) = 1/2.
There is an s-equivariant factorization
where α is a vector bundle and β is a torus bundle. The algebra O Y is generated as an O V -algebra by those monomials Y m that are invertible at P .
If λ X /Y,P (s) = 0, then we could, as before, find Q ∈ A g with λ Ag,Q (s) = 1, contradiction. So λ X /Y,P (s) = 1/2 and λ Y/V,P (s) = 0. We have
Since λ X /Y,P (s) = 1/2, the trace of s acting on T X /Y,P equals dim T X /Y,P − 2, so that there at most two indices i for which s(i) = i. Since also λ Y/V,P (s) = 0, there is a Q-basis of B(Λ Q ) of which s fixes at least r+1 2 − 2 elements. But s| Λ⊗Q = (1, (−1) r−1 ) and r ≥ 5, so this is impossible and we have contradicted the assumption that λ X ,P ≤ 1.
The proof that A P Finally, if h = 0, then we use a theorem of Snurnikov [Sn] . Since it remains unpublished, we include a proof. Proposition 1.4 Suppose T ֒→ X is a G-equivariant torus embedding, U ⊂ X a G-invariant neighbourhood of X − T, G acts freely in codimension one on U ∩ T and that U and [(U ∩ T)/G] have terminal (canonical) singularities. Then G acts freely in codimension one on U and [U/G] has terminal (canonical) singularities.
PROOF: Let π : X → X be a T ⋊ G-equivariant resolution. As before, it is enough to show that the G-action on U = π −1 (U) satisfies (RST). If s ∈ G and s(P ) = P , then, locally near P , X is an s-equivariant vector bundle q :
; the y j are those characters of T that are invertible at P and s * x i = φ i x s(i) , where φ i is a monomial in the y j . Let R denote the origin in the fibre F = q −1 (q(P )); then λ U ,P (s) = λ U ,R (s), since s → λ(s) is constant on the line in F through R and P .
So we can assume that P = R and that X = T 1 . Then the locus x i = t, y ± j = 1 for all i, j is a line L of s-fixed points in X that passes through P and meets U ∩ T = U ∩ T. Suppose Q ∈ U ∩ L is general; then λ X,P (s) = λ U ∩T,Q (s).
This completes the proof of the theorem.
